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single complex number. We assume the frequency, f, is known.
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Phasor Examples N
V =1, f=50Hz )
v(t) = cos 27 ft |8 go\M/
V=—j .
v(t) = sin 2 ft | :m
V=-1-05j =1.12/-153° A A
o(t) = —cos2m ft+0.5sin 2w ft 1 M/\
= 1.12 cos (27 ft — 2.68) o ow ow o

v(t) = X cos 2w ft — Y sin 2w ft v(t) = Acos (2mft + ¢)
Beware minus sign.

A phasor represents an entire waveform (encompassing all time) as a
single complex number. We assume the frequency, f, is known.

A phasor is not time-varying, so we use a capital letter: V.
A waveform is time-varying, so we use a small letter: v(%).

Casio: Pol(X,Y) = A, ¢, Rec(A, ) - X,Y. Saved - X & Y mems.
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For all three components, phasors obey Ohm'’s law if we use the complex

impedances jwL and —~ as the “resistance”
JwC

of an inductor or capacitor.
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For all three components, phasors obey Ohm'’s law if we use the complex

impedances jwL and —~ as the “resistance”
JwC

of an inductor or capacitor.

If all sources in a circuit are sine waves having the same frequency, we can
do circuit analysis exactly as before by using complex impedances.
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Given v = 10 sin wt where w = 27 x 1000,

find v (1).
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_ 1 _ 1
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Given v = 10 sin wt where w = 27 x 1000,

find v (1).
(1) Find capacitor complex impedance
_ 1 _ 1 _ -
4 = 70 = Gogixio—1 — —1992]

(2) Solve circuit with phasors

Ve
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Given v = 10 sin wt where w = 27 x 1000,
find v (t).

(1) Find capacitor complex impedance

1 1 _ :
Z = 5,0 = GasjxioT — 1992

(2) Solve circuit with phasors

a Z
‘43 =V X RiZ
Ty —1592;
= —107 X 155015027
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find v (t).

(1) Find capacitor complex impedance

1 1 _ :
Z = 5,0 = GasjxioT — 1992

(2) Solve circuit with phasors
_ Vi
‘Qj =V X Rt Z

T —1592j
= —107 X 155015027

—4.5 —7.23 =8.474 — 122°
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L

Given v = 10 sin wt where w = 27 x 1000,

find ve (t).

(1) Find capacitor complex impedance

1 1 _ :
Z = 5,0 = GasjxioT — 1992

(2) Solve circuit with phasors
_ Vi
VC =V X Rt Z

T —1592j
= —107 X 155015027

—4.5 —7.23 =8.474 — 122°
vo = 8.47 cos (wt — 122°)

(3) Draw a phasor diagram showing KVL:
V =-10y
Vo=—-45—-723

v(t) and vC(t)

Ve=V-—Vo=45-28j=53/—32°
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Given v = 10 sin wt where w = 27 x 1000,

find v (1).
(1) Find capacitor complex impedance
_ 1 _ 1 _ -
4 = 70 = Gogixio—1 — —1992]

(2) Solve circuit with phasors

a Z

VC =V X RiZ
Ty —1592;
= —107 X 155015027

— —4.5—T7.25 = 8474 — 122°
vo = 8.47 cos (wt — 122°)

(3) Draw a phasor diagram showing KVL:

V =-10j
Vo = —4.5 — 7.2

v(t), vc(t) and VR(t)

Ve=V-—Vo=45-28j=53/—32°
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Given v = 10 sin wt where w = 27 x 1000,

find v (1).
(1) Find capacitor complex impedance
_ 1 _ 1 _ -
4 = 70 = Gogixio—1 — —1992]

(2) Solve circuit with phasors

a Z

VC =V X RiZ
Ty —1592;
= —107 X 155015027

— —4.5—T7.25 = 8474 — 122°
vo = 8.47 cos (wt — 122°)

(3) Draw a phasor diagram showing KVL:
V =-10y
Vo=—-45—-723

v(t), vc(t) and VR(t)

Ve=V-—Vo=45-28j=53/—32°

Phasors add like vectors
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CIVIL

Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.
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CIVIL

Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.

COMPLEX ARITHMETIC TRICKS:

(W) jxj=—jx—j=—I
@5=-J
(3)a+ jb=1r/L0 = rei®
where r = va? + b? and 6 = a,rctang (£180° if a < 0)
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Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.

COMPLEX ARITHMETIC TRICKS:

Dyxyg=—-gx—g=-1
@ =—j
(3)a+ jb=1r/L0 = rei®

where r = va? + b? and 6 = a,rctang (£180° if a < 0)

@) r£0 = re?? = (rcosf) + j (rsinf)

: E1.1 Analysis of Circuits (2017-10213)

Phasors: 10-9/11 '



-1

10: Sine waves and phasors

® Sine Waves

@ Rotating Rod

® Phasors

® Phasor Examples +
® Phasor arithmetic

® Complex Impedances

® Phasor Analysis +

e CIVIL
® Impedance and
Admittance

® Summary

CIVIL

Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.

COMPLEX ARITHMETIC TRICKS:

Wjxj=—jx—j=-1
(2 =—J
(3)a+ jb=1r/L0 = rei®
where r = v/a? + b? and 6 = arctan 2 (£180° if a < 0)
@) r£0 = re?? = (rcosf) + j (rsinf)
(5) aZf x b/ = abZ (0 + ¢) and ¢25 = ¢/ (0 — ¢).
Multiplication and division are much easier in polar form.
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Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.

COMPLEX ARITHMETIC TRICKS:

WMyxg=—-gx—g=-1

(2) ;= —J

(3)a+ jb=1r/L0 = rei®
where r = v/a? + b? and 6 = arctan 2 (£180° if a < 0)

@) r£0 = re?? = (rcosf) + j (rsinf)

(5) aZf x b/ = abZ (0 + ¢) and ¢25 = ¢/ (0 — ¢).
Multiplication and division are much easier in polar form.

(6) All scientific calculators will convert rectangular to/from polar form.
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CIVIL

Capacitors: 1 = C‘fl—g = [ leads V
Inductors: v = L% = V leads [

Mnemonic: CIVIL = “In a capacitor [ lead V but V' leads I in an inductor”.

COMPLEX ARITHMETIC TRICKS:

WMyxg=—-gx—g=-1

(2) ;= —J

(3)a+ jb=1r/L0 = rei®
where r = v/a? + b? and 6 = arctan 2 (£180° if a < 0)

@) r£0 = re?? = (rcosf) + j (rsinf)

(5) aZf x b/ = abZ (0 + ¢) and ¢25 = ¢/ (0 — ¢).
Multiplication and division are much easier in polar form.

(6) All scientific calculators will convert rectangular to/from polar form.

Casio fx-991 (available in all exams except Maths) will do complex
arithmetic (4, —, X, —, 22, %, ||, £*) in CMPLX mode.

Learn how to use this: it will save lots of time and errors.
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(1) Impedance = Resistance + j X Reactance

Z =R+ 37X ()
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Y = — = G + jB Siemens (S)
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Impedance and Admittance

T For any network (resistors+capacitors+inductors):
:.th“g - (1) Impedance = Resistance + j X Reactance
i Z =R+ jX ()
® Complex Impedances |Z |2 = R? + X* /7 = arctan %
® Phasor Analysis +
e Inpetance ant (2) Admittance = m = Conductance + j X Susceptance
< sumay Y = — = G + jB Siemens (S)
|Y|2 — |21|2 S /Y = —/Z = arctan g
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For any network (resistors+capacitors+inductors):

(1) Impedance = Resistance + j X Reactance

Z =R+ 37X ()
Z)° = R? + X2 /Z = arctan X
(2) Admittance = m = Conductance + j X Susceptance

Y = — = G + jB Siemens (S)

VP = 7z =G>+ B’

Note:
Y=G+jB=~

LY

. B
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For any network (resistors+capacitors+inductors):

(1) Impedance = Resistance + j X Reactance

Z=R+jiX Q)
1Z)? = R? + X2
1

(2) Admittance =

Impedance

Y = — = G + jB Siemens (S)

/7 = arctan %

= Conductance + j X Susceptance

Y|? = 27 = G? + B?

i

Note:
Y =G+ jB=

1_
=

1
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LY
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(2) Admittance =

Z=R+jiX Q)
1Z)? = R? + X2
1

Impedance

Y = — = G + jB Siemens (S)

FP= =

Note:
Y=G+jB=+2=

1

For any network (resistors+capacitors+inductors):

(1) Impedance = Resistance + j X Reactance

/7 = arctan %

= Conductance + j X Susceptance

Y = /7 = arctan g

R

Z R+jX

R2_|_X2

+ )T

X
+X2
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(2) Admittance =

Z =R+ jX ()

Z|° = R? + X?

1
Impedance

Y =L = G +jB Siemens (S)

Note:

For any network (resistors+capacitors+inductors):

(1) Impedance = Resistance + j X Reactance

/7 = arctan %

= Conductance + j X Susceptance

Y = /7 = arctan g

2 2
_ - _ 1 _ 1 - R
_ R _ R
So G = gryxz = [zp

+ )T

X
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(2) Admittance =

Z=R+jiX Q)
1Z)? = R? + X2
1

Impedance

Y = — = G + jB Siemens (S)

Note:

For any network (resistors+capacitors+inductors):

(1) Impedance = Resistance + j X Reactance

/7 = arctan %

= Conductance + j X Susceptance

Y = /7 = arctan g

Y7 = |2_G2+32
_ p_1_ _1 __ _R
Y=G+jB= 3= 5%~ prxe
__R___ R
So G =iz = zp
_X _X

Beware: G # % unless X = 0.

+ )T

X
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differentiation.

e Sine waves are the only bounded signals whose shape is unchanged by
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e Sine waves are the only bounded signals whose shape is unchanged by
differentiation.

e Think of a sine wave as the projection of a rotating rod onto the
horizontal (or real) axis.
o A phasor is a complex number representing the length and position
of the rod at time t = 0.
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Sine waves are the only bounded signals whose shape is unchanged by

differentiation.

Think of a sine wave as the projection of a rotating rod onto the

horizontal (or real) axis.

o A phasor is a complex number representing the length and position

of the rod at time t = 0.
o fV =a+ jb=r/0 =re?, then

v(t) = acoswt — bsinwt = rcos (wt +0) = RN (Vej“’t)
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Sine waves are the only bounded signals whose shape is unchanged by

differentiation.

Think of a sine wave as the projection of a rotating rod onto the

horizontal (or real) axis.

o A phasor is a complex number representing the length and position

of the rod at time t = 0.
o fV =a+ jb=r/0 =re?, then

v(t) = acoswt — bsinwt = rcos (wt +0) = RN (Vejwt)

o The angular frequency w = 27 f is assumed known.
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Sine waves are the only bounded signals whose shape is unchanged by

differentiation.

Think of a sine wave as the projection of a rotating rod onto the

horizontal (or real) axis.

o A phasor is a complex number representing the length and position

of the rod at time t = 0.
o fV =a+ jb=r/0 =re?, then

v(t) = acoswt — bsinwt = rcos (wt +0) = RN (Vejwt)

o The angular frequency w = 27 f is assumed known.

If all sources in a linear circuit are sine waves having the same

frequency, we can use phasors for circuit analysis:

: E1.1 Analysis of Circuits (2017-10213)

Phasors: 10 — 11/ 11



-1

10: Sine waves and phasors

Summary

® Sine Waves

@ Rotating Rod

® Phasors

® Phasor Examples +
® Phasor arithmetic

® Complex Impedances

® Phasor Analysis +

e CIVIL
® Impedance and
Admittance

® Summary

e Sine waves are the only bounded signals whose shape is unchanged by
differentiation.

e Think of a sine wave as the projection of a rotating rod onto the
horizontal (or real) axis.
o A phasor is a complex number representing the length and position
of the rod at time t = 0.
o fV =a+3jb=1rL0 = rel? then
v(t) = acoswt — bsinwt = rcos (wt + ) = R (Vel?)
o The angular frequency w = 27 f is assumed known.

e If all sources in a linear circuit are sine waves having the same
frequency, we can use phasors for circuit analysis:

: L 1
o Use complex impedances: jwL and 70O
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® Summary

e Sine waves are the only bounded signals whose shape is unchanged by
differentiation.

e Think of a sine wave as the projection of a rotating rod onto the
horizontal (or real) axis.
o A phasor is a complex number representing the length and position
of the rod at time t = 0.
o fV =a+3jb=1rL0 = rel? then
v(t) = acoswt — bsinwt = rcos (wt + ) = R (Vel?)
o The angular frequency w = 27 f is assumed known.

e If all sources in a linear circuit are sine waves having the same
frequency, we can use phasors for circuit analysis:
o Use complex impedances: jw/l and Jw%
o Mnemonic: CIVIL tells you whether I leads V' or vice versa

(“leads” means “reaches its peak before”).
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® Summary

e Sine waves are the only bounded signals whose shape is unchanged by
differentiation.

e Think of a sine wave as the projection of a rotating rod onto the
horizontal (or real) axis.
o A phasor is a complex number representing the length and position
of the rod at time t = 0.
o fV =a+3jb=1rL0 = rel? then
v(t) = acoswt — bsinwt = rcos (wt + ) = R (Vel?)
o The angular frequency w = 27 f is assumed known.

e If all sources in a linear circuit are sine waves having the same
frequency, we can use phasors for circuit analysis:
o Use complex impedances: jw/l and Jw%
o Mnemonic: CIVIL tells you whether I leads V' or vice versa
(“leads” means “reaches its peak before”).

o Phasors eliminate time from equations ®
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® Summary

Sine waves are the only bounded signals whose shape is unchanged by

differentiation.

Think of a sine wave as the projection of a rotating rod onto the

horizontal (or real) axis.

o A phasor is a complex number representing the length and position

of the rod at time t = 0.
o fV =a+ jb=r/0 =re?, then

v(t) = acoswt — bsinwt = rcos (wt +0) = RN (Vejwt)

o The angular frequency w = 27 f is assumed known.

If all sources in a linear circuit are sine waves having the same

frequency, we can use phasors for circuit analysis:
o Use complex impedances: jw/l and

1
JwC

o Mnemonic: CIVIL tells you whether I leads V' or vice versa

(“leads” means “reaches its peak before”).

o Phasors eliminate time from equations ©®, converts simultaneous
differential equations into simultaneous linear equations ©©©.
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Sine waves are the only bounded signals whose shape is unchanged by

differentiation.

Think of a sine wave as the projection of a rotating rod onto the

horizontal (or real) axis.

o A phasor is a complex number representing the length and position

of the rod at time t = 0.
o fV =a+ jb=r/0 =re?, then

v(t) = acoswt — bsinwt = rcos (wt +0) = RN (Vejwt)

o The angular frequency w = 27 f is assumed known.

If all sources in a linear circuit are sine waves having the same

frequency, we can use phasors for circuit analysis:
o Use complex impedances: jw/l and

1
JwC

o Mnemonic: CIVIL tells you whether I leads V' or vice versa

(“leads” means “reaches its peak before”).

o Phasors eliminate time from equations ©®, converts simultaneous
differential equations into simultaneous linear equations ©©©.
o Needs complex numbers @ but worth it.
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Summary
1.°:i“ewwavesa"d T e Sine waves are the only bounded signals whose shape is unchanged by
e Rotating Rod differentiation.

® Phasors
® Phasor Examples +

® Phasor arithmetic

e Think of a sine wave as the projection of a rotating rod onto the

® Complex Impedances horizontal (or real) axis.

® Phasor Analysis +
e CIVIL

® Impedance and
Admittance

©)

® Summary o)

©)

A phasor is a complex number representing the length and position
of the rod at time t = 0.
fV =a+ jb=r/0 = red? then

v(t) = acoswt — bsinwt = rcos (wt + ) = R (Vel?)
The angular frequency w = 27 f is assumed known.

e If all sources in a linear circuit are sine waves having the same
frequency, we can use phasors for circuit analysis:

@)

©)

- . 1
Use complex impedances: jw /L and 70O

Mnemonic: CIVIL tells you whether [ leads V' or vice versa
(“leads” means “reaches its peak before”).
Phasors eliminate time from equations ©, converts simultaneous
differential equations into simultaneous linear equations ©©©.
Needs complex numbers @ but worth it.

See Hayt Ch 10 or Irwin Ch 8 |
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